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INFINITE CO-MINIMAL PAIRS INVOLVING LACUNARY
SEQUENCES AND GENERALISATIONS TO HIGHER DIMENSIONS
ARINDAM BISWAS AND JYOTI PRAKASH SAHA
Abstract. The study of minimal complements in a group or a semigroup was ini-
tiated by Nathanson. The notion of minimal complements and being a minimal
complement leads to the notion of co-minimal pairs which was considered in a prior
work of the authors. In this article, we study which type of subsets in the integers
and free abelian groups of higher rank can be a part of a co-minimal pair. We show
that a majority of lacunary sequences have this property. From the conditions estab-
lished, one can show that any infinite subset of any finitely generated abelian group
has uncountably many subsets which is a part of a co-minimal pair. Further, the
uncountable collection of sets can be chosen so that they satisfy certain algebraic
properties.
1. Introduction and Motivation
Let (G,+) be an abelian group and W ⊆ G be a nonempty subset. A nonempty
set W ′ ⊆ G is said to be an additive complement to W if W + W ′ = G. Additive
complements have been studied since a long time in the context of representations of
the integers e.g., they appear in the works of Erdo˝s, Hanani, Lorentz and others. See
[Lor54, Erd54, Erd57] etc. The notion of minimal additive complements for subsets of
groups was introduced by Nathanson in [Nat11]. An additive complement W ′ to W is
said to be minimal if no proper subset of W ′ is an additive complement to W , i.e.,
W +W ′ = G and W + (W ′ \ {w′}) ( G ∀w′ ∈ W ′.
Minimal complements are intimately connected with the existence of minimal nets in
groups. See [Nat11, Section 2] and [BS18, Section 2.1]. Further, in case of the additive
group Z, they are related to the study of minimal representations. See [Nat11, Section
3].
Given two nonempty subsets A,B of a group G, they are said to form a co-minimal
pair if A·B = G, and A′ ·B ( G for any ∅ 6= A′ ( A and A·B′ ( G for any ∅ 6= B′ ( B.
Thus, they are pairs (A ∈ G,B ∈ G) such that each element in a pair is a minimal
complement to the other. Co-minimal pairs in essence capture the tightness property
of a set and its complement. Further, they are a strict strengthening of the notion
of minimal complements in the sense that a non-empty set A might admit a minimal
complement, but might not be a part of a co-minimal pair. See [BS19, Lemma 2.1].
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Which sort of sets can be a part of a co-minimal pair is an interesting question.
It was shown in [BS19, Theorem B] that if G is a free abelian group (of any rank
≥ 1), then, given any non-empty finite set A, there exists another set B such that
(A,B) forms a co-minimal pair. Moreover, in a very recent work of Alon, Kravitz and
Larson, they establish that any nonempty finite subset of an infinite abelian group
is a minimal complement to some subset [AKL20, Theorem 2], and this implies that
the statement of [BS19, Theorem B] holds for nonempty finite subsets of any infinite
abelian group. However, the existence of non-trivial co-minimal pairs involving infinite
subsets A and B were unknown, until recently. It was shown in [BS20] that such pairs
exist and explicit constructions of two such pairs in the integers Z were provided. The
aim of this article is to establish that infinite co-minimal pairs are abundant along
majority of lacunary sequences in the integers and from there, draw conclusions on
which sort of infinite subsets can be a part of a co-minimal pair. We are considering
the underlying set associated with the sequence and this implies that there is some
sparseness between successive elements of the underlying set. These subsets also satisfy
a number of algebraic and combinatorial properties. Moreover, they can be generalised
to any free abelian group of finite rank.
1.1. Statement of results. First, let us recall the notion of lacunary sequences.
Definition 1.1 (Lacunary sequence). A Lacunary sequence is a sequence of numbers
{xn}n∈N such that
xn+1
xn
> λ > 1∀n ∈ N.
Additive complements of lacunary sequences also has a long history. For a brief
history see [Ruz01, Section 1]. However, the study of minimal additive complements
and co-minimal pairs involving lacunary sequences is new. Our first result concerns
co-minimal pairs of lacunary sequences. To avoid introducing cumbersome notation
from the beginning, we state a simplified version of Theorem 2.1 below
Theorem A. In the additive group of the integers, a “majority” of lacunary sequences
have the property that they belong to a co-minimal pair.
By a “majority”, we mean the following: we know that a lacunary sequence {xn}n∈N
is defined by the growth condition xn+1
xn
> λ, with λ ∈ (1,+∞). The lacunary sequences
which satisfy Theorem A have λ ∈ [6,+∞) and in some cases even λ ∈ (3,+∞).
Further, they can be generalised to Zd. See Theorem 2.1 for the complete statement.
It is worth mentioning that in [BS20], it has been established that the set consisting
of the terms of the lacunary sequence 1, 2, 22, 23, · · · is a part of a co-minimal pair.
Next, we consider the subsets of Z of the following types.
(Type 1) Symmetric subsets of Z containing the origin,
(Type 2) Symmetric subsets of Z not containing the origin,
(Type 3) Subsets of Z which are bounded from the above or from the below.
We investigate whether a subset of Z of the above types can be a part of a co-minimal
pair with a subset of Z of the above types. We establish certain sufficient conditions
for this to be true. In fact, we have the following result.
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Theorem B. For (I, II) equal to any one of
(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 3),
there are uncountably many subsets of Z of Type I which form a co-minimal pair with
a subset of Z of Type II.
Again, the above is a specialised version of a more general theorem which holds for
Zd. See Theorem 2.3.
2. Co-minimal pairs involving lacunary sequences and generalisations
Let d ≥ 1 be an integer. Denote the lexicographic order on Zd by the symbol <.
The element (1, · · · , 1) of Zd is denoted by 1. For ? ∈ {<,≤, >,≥} and x ∈ Zd, the set
{n ∈ Zd |n?x} is denoted by Zd?x. Let t0 < t1 < t2 < · · · be elements of Z
d. Assume
that t0 > 0,
tn ≥ 2tn−1 for all n ≥ 1,
and for some n ≥ 0, all the coordinates of tn are positive. Let T ,V,W be subsets of
Zd defined by
T = {t0, t1, t2, · · · },
V = T ∪ (−T ),
W = T ∪ {0} ∪ (−T ).
Then, the following holds,
Theorem 2.1.
(1) If
tn > 3tn−1 for all n ≥ 1,
then the set W and a symmetric subset E of Zd containing the origin form a
co-minimal pair in Zd.
(2) If
tn > 3tn−1 for all n ≥ 1,
then the set W and a symmetric subset F of Zd not containing the origin form
a co-minimal pair in Zd.
(3) If
tn ≥ 6tn−1 for all n ≥ 1,
then the set W and a subset G of Zd \ Zd≥0 form a co-minimal pair in Z
d.
(4) If
tn > 3tn−1 for all n ≥ 1,
then the set V and a symmetric subset P of Zd containing the origin form a
co-minimal pair in Zd.
(5) If
tn > 3tn−1 for all n ≥ 1,
then the set V and a symmetric subset Q of Zd not containing the origin form
a co-minimal pair in Zd.
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(6) If
tn ≥ 6tn−1 for all n ≥ 1,
then the set V and a subset R of Zd \ Zd≥0 form a co-minimal pair in Z
d.
(7) If
tn ≥ 2tn−1 for all n ≥ 1,
then the set T is a minimal complement to some subset of Zd\Zd≥0. In addition,
if at least one coordinate of the sequence of points {tn − 2tn−1}n≥1 goes to ∞,
then the set T and a subset S of Zd \ Zd≥0 form a co-minimal pair in Z
d.
Theorem 2.2. Any infinite subset of any finitely generated abelian group has uncount-
ably many subsets which is a part of a co-minimal pair. In particular, any infinite subset
of Zd has uncountably many subsets which admit minimal complements.
It turns out that there are plenty of subsets of Zd each of which is a part of a
co-minimal pair.
Theorem 2.3. The set of integers Zd has uncountably many
(1) symmetric subsets containing the origin, each of which forms a co-minimal pair
together with a symmetric subset of Zd containing the origin,
(2) symmetric subsets containing the origin, each of which forms a co-minimal pair
together with a symmetric subset of Zd not containing the origin,
(3) symmetric subsets containing the origin, each of which forms a co-minimal pair
together with a subset of Zd which avoids Zd≥0,
(4) symmetric subsets not containing the origin, each of which forms a co-minimal
pair together with a symmetric subset of Zd containing the origin,
(5) symmetric subsets not containing the origin, each of which forms a co-minimal
pair together with a symmetric subset of Zd not containing the origin,
(6) symmetric subsets not containing the origin, each of which forms a co-minimal
pair together with a subset of Zd which avoids Zd≥0,
(7) subsets contained in Zd≥0, each of which forms a co-minimal pair together with
a subset of Zd which avoids Zd≥0.
3. Proofs
For two points P,Q ∈ Zd satisfying P ≤ Q, let XP,Q denote the subset of Z
d defined
by
XP,Q = Z
d
≥P \ Z
d
≥Q.
Lemma 3.1. Let P,Q be points in Zd satisfying P ≤ Q, and A be a nonempty subset
of Zd. For any v ∈ Zd, the inclusion
XP,Q + A≤v ⊆ Z
d \ Zd≥Q+v
holds.
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Proof. Note that
XP,Q + A≤v ⊆ ∪a∈A,a≤v(XP,Q + a)
⊆ ∪a∈A,a≤vXP+a,Q+a
⊆ (∪a∈A,a≤vZ
d
≥P+a) \ (∪a∈A,a≤vZ
d
≥Q+a)
⊆ (∪a∈A,a≤vZ
d
≥P+a) \ Z
d
≥Q+v
⊆ Zd \ Zd≥Q+v.

Set
t−2 = t−1 = 0.
Define the subsets {In}n≥0 of Z
d as follows.
In = X−tn,−tn−1 .
Consider the subsets {Jn}n≥0 of Z
d defined by
Jn = X−tn,−tn−1−tn−2 .
These subsets make sense since tn ≥ 2tn−1 holds for n ≥ 0. Note that for n ≥ 0,
−tn−1 − tn−2 ≤ −tn−1
holds, this implies
Zd≥−tn−1−tn−2 ⊇ Z
d
≥−tn−1
,
which yields
Jn ⊆ In.
Since all the coordinates of tn are positive for some n ≥ 0, we obtain−tn → (−∞, · · · ,−∞).
Thus it follows that
∪n≥0In = Z
d \ Zd≥0.
Proposition 3.2.
(1) Each of the sets
∪m≥n+2Jm +W,Jn+1 + (W \ {tn})
contains no point of In for all n ≥ 0.
(2) For any n ≥ 1, the inclusion
(J0 ∪ · · · ∪ (Jn ∩ Z
d
≥−2tn−1)) +W ⊆ (Z
d \ Zd≥−tn) ∪ Z
d
≥−3tn−1
holds.
(3) If
tn > 3tn−1 for all n ≥ 1,
then the set
∪m≥n+1(−(Jm ∩ Z
d
≥−2tm−1
)) +W
contains no point of In for all n ≥ 0.
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(4) For any n ≥ 1, the inclusion
(−(J1 ∪ · · · ∪ Jn)) + (W \ {−tn}) ⊆ Z
d
≤−2tn ∪ (Z
d \ Zd≤−tn−1)
holds if
tn ≥ 3tn−1 for all n ≥ 1.
Proof. For n ≥ 0, the inclusions
Jm +W≤tm−2 ⊆ X−tm,−tm−1−tm−2 +W≤tm−2
⊆ Zd \ Zd≥−tm−1−tm−2+tm−2
⊆ Zd \ Zd≥−tm−1
⊆ Zd \ Zd≥−tn
hold for m ≥ n+ 1 (the second inclusion follows from Lemma 3.1), the inclusions
Jm + tm−1 ⊆ X−tm,−tm−1−tm−2 + tm−1
= X−tm+tm−1,−tm−1−tm−2+tm−1
= X−tm+tm−1,−tm−2
⊆ X−tm+tm−1,−tn
hold for m ≥ n+ 2, the inclusions
Jm +W≥tm ⊆ Z
d
≥−tm
+W≥tm
= ∪r≥mZ
d
≥−tm+tr
⊆ Zd≥−tm+tm
⊆ Zd≥0
hold for m ≥ n+ 1. This proves part (1).
For n ≥ 1, the inclusions
(J0 ∪ · · · ∪ Jn) +W≤−tn ⊆ X−tn,0 +W≤−tn
⊆ Zd \ Zd≥−tn
hold (the second inclusion follows from Lemma 3.1), the inclusions
(J0 ∪ · · · ∪ (Jn ∩ Z
d
≥−2tn−1
)) +W≥−tn−1 ⊆ Z
d
≥−2tn−1
+W≥−tn−1
⊆ Zd≥−3tn−1
hold for r ≤ n− 1. This proves part (2).
For n ≥ 0, m ≥ n+ 1, the inclusions
(−(Jm ∩ Z
d
≥−2tm−1))− tr ⊆ Z
d
≤2tm−1 − tr
⊆ Zd≤2tm−1−tm
⊆ Zd<−tm−1
⊆ Zd<−tn
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hold for r ≥ m, the inclusions
(−Jm)− tr ⊆ (Z
d
≤tm
\ Zd≤tm−1)− tr
⊆ (Zd \ Zd≤tm−1)− tr
= Zd \ Zd≤tm−1−tr
⊆ Zd \ Zd≤tm−1−tm−1
⊆ Zd \ Zd≤0
hold for r ≤ m− 1. This proves part (3).
For n ≥ 1, the inclusions
−(J1 ∪ · · · ∪ Jn)− tr ⊆ Z
d \ Zd≤t0 − tr
= Zd \ Zd≤t0−tr
⊆ Zd \ Zd≤t0−tn−1
⊆ Zd \ Zd≤−tn−1
hold for r ≤ n− 1, the inclusions
−(J1 ∪ · · · ∪ Jn)− tr ⊆ Z
d
≤tn
− tr
⊆ Zd≤tn−tn+1
⊆ Zd≤−2tn
hold for r ≥ n + 1. This proves part (4). 
Lemma 3.3. Let S and T be nonempty subsets of an abelian group G such that S+T =
G. If the set S is countable, and each element of G can be expressed as a sum of an
element of S and an element of T only in finitely many ways, then some nonempty
subset of S is a minimal complement to T .
Proof. The lemma follows when S is finite.
Let us consider the case when S is infinite. Let s1, s2, · · · be elements of G such that
S = {s1, s2, · · · }. Define S1 = S and for each positive integer i ≥ 1, define
Si+1 :=
{
Si \ {−si} if Si \ {−si} is a complement to T ,
Si otherwise.
Let S denote the subset ∩i≥1Si of G. We claim that the set S is a minimal complement
to T .
For each y ∈ G and for each i ≥ 1, there exist elements sy,i ∈ Si, ty,i ∈ T such that
y = sy,i + ty,i.
Consequently, for some element sy ∈ S, we have the equality sy = sy,i for infinitely
many i. Further, for such integers i, we have ty = ty,i where ty := y − sy ∈ T . This
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implies that y − ty = sy,i holds for infinitely many i. Hence, for each integer i ≥ 1,
there exists an integer ℓi ≥ i such that y − ty = sy,ℓi , which yields
y ∈ ty + Sℓi ⊆ ty + Si.
As a consequence, y lies in ty + S, i.e., y ∈ S + T . Hence S is an additive complement
of T . It follows that S is a minimal complement to T .

Proof of Theorem 2.1(1). Define the subsets En of Z
d for n ≥ 0 as follows.
En =


{0} if n = −1,
∅ if n = 0,
{−tn−1}+ (In−1 \ ((∪−1≤m≤n−1(Em ∪ (−Em))) +W)) if n ≥ 1.
Define the subset E of Zd by
E := ∪n≥−1(En ∪ (−En)).
For n ≥ 0, the inclusions
E +W ⊇ (En+1 + tn) ∪ ((∪−1≤m≤n(Em ∪ (−Em))) +W)
⊇ (In \ ((∪−1≤m≤n(Em ∪ (−Em))) +W)) ∪ ((∪−1≤m≤n(Em ∪ (−Em))) +W)
⊇ In
hold and hence −In ⊆ (−E) + (−W) = E +W. Moreover, the inclusions
E +W ⊇ E−1 +W ⊇ {0}
hold. It follows that W is an additive complement to E .
We claim that W is a minimal complement of E . Since tn > 3tn−1 for n ≥ 1, from
Proposition 3.2, it follows that for n ≥ 0, no point of E ×W other than (0,−tn) goes
to −tn under the addition map E × W → Z
d, and hence no point of E × W other
than (0, tn) goes to tn under the addition map E × W → Z
d. Thus W is a minimal
complement of E .
We claim that E is a minimal complement to W. On the contrary, let us assume
that E is not a minimal complement to W. Hence E \ {e} is an additive complement
to W for some e ∈ E . Note that e 6= 0. Since E is symmetric, we may assume that e
lies in En+1 for some n ≥ 0. Thus tn+ e lies in In. It follows from Proposition 3.2 that
no element of In lies in
((∪m≥n+2Em) +W) ∪ ((∪m≥n+1(−Em)) +W) ∪ (En+1 + (W \ {tn})).
So tn + e belongs to ((∪0≤m≤n(Em ∪ (−Em))) + W) ∪ ((En+1 \ {e}) + {tn}). Since
e ∈ In+1, it follows that tn + e lies in (En+1 \ {e}) + {tn}, which yields e ∈ En+1 \ {e}.
This contradicts the hypothesis that E is not a minimal complement of W. 
Proof of Theorem 2.1(2). Define the subsets Fn of Z
d for n ≥ 0 as follows.
Fn =
{
{−t0} if n = 0,
{−tn−1}+ (In−1 \ ((∪0≤m≤n−1(Fm ∪ (−Fm))) +W)) if n ≥ 1
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Define the subset F of Zd by
F := ∪n≥0(Fn ∪ (−Fn)).
For n ≥ 0, the inclusions
F +W ⊇ (Fn+1 + tn) ∪ ((∪0≤m≤n(Fm ∪ (−Fm))) +W)
⊇ (In \ ((∪0≤m≤n(Fm ∪ (−Fm))) +W)) ∪ ((∪0≤m≤n(Fm ∪ (−Fm))) +W)
⊇ In
hold and hence −In ⊆ (−F) + (−W) = F +W. Moreover, the inclusions
F +W ⊇ F0 +W ⊇ {0}
hold. It follows that W is an additive complement to F .
We claim that W is a minimal complement of F . Since tn > 3tn−1 for n ≥ 1, from
Proposition 3.2, it follows that for n ≥ 0, no point of F × W other than (−2tn, tn)
goes to −tn under the addition map F ×W → Z
d, and hence no point of F ×W other
than (2tn,−tn) goes to tn under the addition map F ×W → Z
d. Thus W is a minimal
complement of F .
We claim that F is a minimal complement to W. On the contrary, let us assume
that F is not a minimal complement to W. Hence F \ {f} is an additive complement
to W for some f ∈ F . Since F is symmetric, we may assume that f lies in Fn+1 for
some n ≥ −1. Since no point of F ×W other than (−t0,−t0) goes to −2t0 under the
addition map F ×W → Zd, it follows that f 6= −t0, i.e., f /∈ F0. So f lies in Fn+1 for
some n ≥ 0. Thus tn + f lies in In. It follows from Proposition 3.2 that no element of
In lies in
((∪m≥n+2Fm) +W) ∪ ((∪m≥n+1(−Fm)) +W) ∪ (Fn+1 + (W \ {tn})).
So tn + f belongs to ((∪0≤m≤n(Fm ∪ (−Fm))) +W) ∪ ((Fn+1 \ {f}) + {tn}). Since
f ∈ In+1, it follows that tn+f lies in (Fn+1 \{f})+{tn}, which yields f ∈ Fn+1 \{f}.
This contradicts the hypothesis that F is not a minimal complement of W. 
Proof of Theorem 2.1(3). Let {mk}k≥0 be an increasing sequence such that m0 ≥ 2
and tmk−2 ≥ (k+1)1 for all k ≥ 0. We define the subsets Gn of Z
d for n ≥ 0 as follows.
Gn =


I0 if n = 0,
X−2tn−1,−tn−1−tn−2 if n ≥ 1 and n 6= mk for all k ≥ 0,
X−tn+k1,−tn+(k+1)1 ∪ X−2tn−1,−tn−1−tn−2 if n ≥ 1 and n = mk for some k ≥ 0.
Let G denote the union ∪n≥0Gn. Note that T is an additive complement of G. Indeed,
the inclusions
G+ T ⊇
(
∪n≥1(X−2tn−1,−tn−1−tn−2 + T )
)⋃(
∪k≥0(X−tm
k
+k1,−tm
k
+(k+1)1 + T )
)
⊇ (∪n≥1In−1) ∪ Z
d
≥0
= Zd
hold, which shows that G+ T = Zd. So W is an additive complement to G.
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We claim that W is a minimal complement of G \ ({−2t0} ∪ {−tn − 3tn−1 |n ≥ 1}).
For k ≥ 0, the inequalities
tmk − tmk−1 − tmk−2 = (tmk − 2tmk−1) + (tmk−1 − 2tmk−2) + tmk−2
≥ tmk−2
≥ (k + 1)1
hold, which implies
−tmk + (k + 1)1 ≤ −tmk−1 − tmk−2,
this yields
Zd≥−tmk+(k+1)1
⊇ Zd≥−tmk−1−tmk−2
,
and hence
X−tm
k
,−tm
k
+(k+1)1 ⊆ X−tm
k
,−tmk−1−tmk−2
.
Thus Gn ⊆ Jn for all n ≥ 0. Let n be a positive integer. Note that −3tn−1,−4tn−1 lie
in In. The inclusions
∪0≤m<nGm +W≤−tn ⊆ (Z
d \ Zd≥0) + Z
d
≤−tn
⊆ Zd \ Zd≥−tn
⊆ Zd \ Zd≥−4tn−1
hold, and the inclusions
∪0≤m<nGm +W≥−tn−1 ⊆ Z
d
≥−tn−1
+ Zd≥−tn−1
⊆ Zd≥−2tn−1
hold. Using Proposition 3.2, it follows that the set
∪m6=n,n+1Gm +W
contains none of −3tn−1,−4tn−1. Since −3tn−1,−4tn−1 ∈ In, and Gn+1+tn contains In,
it follows that −tn−3tn−1,−tn−4tn−1 ∈ Gn+1. By Proposition 3.2, Gn+1+(W \{tn})
contains no element of In. So no point of ∪m6=nGm +W other than (−tn − 3tn−1, tn)
goes to −3tn−1, and no point of ∪m6=nGm +W other than (−tn − 4tn−1, tn) goes to
−4tn−1. Note that the inclusions
({−tn−1}+ In−1) +W>−tn−1 ⊆ Z
d
≥−2tn−1
+ Zd>−tn−1
⊆ Zd>−2tn−1−tn−1
= Zd>−3tn−1
hold, the inclusions
({−tn−1}+ In−1) +W≤−tn ⊆ X−tn−1,−tn−2 +W≤−tn
⊆ X−tn−1,0 +W≤−tn
⊆ Zd \ Zd≥−tn
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hold. Moreover, the inclusion
X−tn+k1,−tn+(k+1)1 +W≥tn ⊆ Z
d
≥0
holds when n = mk for some k ≥ 0, and the inclusions
X−tn+k1,−tn+(k+1)1 +W≤tn−1 ⊆ Z
d \ Zd≥−tn+(k+1)1+tn−1
⊆ Zd \ Zd≥−6tn−1+(k+1)1+tn−1
= Zd \ Zd≥−5tn−1+(k+1)1
⊆ Zd \ Zd≥−4tn−1−tn−2+(k+1)1
⊆ Zd \ Zd≥−4tn−1
hold when n = mk for some k ≥ 0. Also note that Gn contains −2tn−1. It follows that
no element of Gn ×W other than (−2tn−1,−tn−1) goes to −3tn−1 under the addition
map Gn ×W → Z
d. Hence no element of G×W other than (−2tn−1,−tn−1), (−tn −
3tn−1, tn) goes to −3tn−1 under the addition map G ×W → Z
d. Moreover, Gn +W
does not contain −4tn−1. Hence no element of G×W other than (−tn−4tn−1, tn) goes
to −4tn−1 under the addition map G×W → Z
d. Proposition 3.2 implies that
−t0 /∈ (∪m≥2Gm +W) ∪ (G1 + (W \ {t0})).
Also note that the inclusions
G0 +W≥t0 ⊆ X−t0,0 +W≥t0
⊆ Zd≥−t0 +W≥t0
⊆ Zd≥0
hold and the inclusions
G0 +W≤−t0 ⊆ X−t0,0 +W≤−t0
⊆ Zd \ Zd≥−t0
hold, and hence no element of G×W other than (−2t0, t0), (−t0, 0) goes to −t0 under
the addition map G × W → Zd. It follows that W is a minimal complement to
G \ ({−2t0} ∪ {−tn − 3tn−1 |n ≥ 1}).
We claim that W and some subset of G \ ({−2t0} ∪ {−tn − 3tn−1 |n ≥ 1}) form
a co-minimal pair. By Proposition 3.2, each element of Zd \ Zd≥0 = ∪n≥0In can be
expressed as a sum of an element of G and an element of W only in finitely many
ways. Note that the inclusions
Gm +W≤tm−1 ⊆ X−tm,−tm−1 +W≤tm−1
⊆ Zd \ Zd≥0
hold for m ≥ 1 and r ≤ m− 1, the inclusions
({−tm−1}+ Im−1) +W≥tm ⊆ Z
d
≥−2tm−1 + Z
d
≥tm
⊆ Zd≥tm−2tm−1
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hold for m ≥ 1, the inequality
X−tm
k
+k1,−tm
k
+(k+1)1 + tr ≥ Z
d
≥−tmk+k1+tr
= Zd≥k1
holds for k ≥ 0 and for r ≥ mk, and hence
∪m≥MGm +W
does not contain a given point of Zd≥0 for some large enough M . Hence any given
element element of Zd≥0 can be expressed as a sum of an element of G and an element
of W only in finitely many ways. So each element of Zd can be expressed as a sum of
an element of G and an element of W only in finitely many ways. In particular, each
element of Zd can be expressed as a sum of an element of G\({−2t0}∪{−tn−3tn−1 |n ≥
1}) and an element of W only in finitely many ways. By Lemma 3.3, it follows that
some nonempty subset G ofG\({−2t0}∪{−tn−3tn−1 |n ≥ 1}) is a minimal complement
to W. Since W is a minimal complement to G \ ({−2t0} ∪ {−tn − 3tn−1 |n ≥ 1}), it
follows thatW is a minimal complement to G. Hence (G,W) is a co-minimal pair. 
Proof of Theorem 2.1(4). Define the subsets Pn of Z
d for n ≥ 0 as follows.
Pn =


{0} if n = −1,
{−t0} if n = 0,
{−tn−1}+ (In−1 \ ((∪−1≤m≤n−1(Pm ∪ (−Pm))) + V)) if n ≥ 1.
Define the subset P of Zd by
P := ∪n≥−1(Pn ∪ (−Pn)).
For n ≥ 1, the inclusions
P + V ⊇ (Pn+1 + tn) ∪ ((∪−1≤m≤n(Pm ∪ (−Pm))) + V)
⊇ (In \ ((∪−1≤m≤n(Pm ∪ (−Pm))) + V)) ∪ ((∪−1≤m≤n(Pm ∪ (−Pm))) + V)
⊇ In
hold and hence −In ⊆ (−P) + (−V) = P + V. Moreover, the inclusions
I0 ⊆ P1 + t0,
−I0 ⊆ (−P1) + (−t0),
P + V ⊇ P0 + V ⊇ {0}
hold. It follows that V is an additive complement to P.
We claim that V is a minimal complement of P. Since tn > 3tn−1 for n ≥ 1, from
Proposition 3.2, it follows that for n ≥ 0, no point of P ×V other than (0,−tn) goes to
−tn under the addition map P×V → Z
d, and hence no point of P×V other than (0, tn)
goes to tn under the addition map P × V → Z
d. Thus V is a minimal complement of
P.
We claim that P is a minimal complement to V. On the contrary, let us assume that
P is not a minimal complement to V. Hence P \ {p} is an additive complement to V
for some p ∈ P. Note that p 6= 0. Since P is symmetric, we may assume that p ∈ Pn+1
for some n ≥ −1. Since no point of P × V other than (−t0,−t0) goes to −2t0 under
the addition map P × V → Zd, it follows that p 6= −t0, i.e., p /∈ P0. So p lies in Pn+1
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for some n ≥ 0. Thus tn+ p lies in In. It follows from Proposition 3.2 that no element
of In lies in
((∪m≥n+2Pm) + V) ∪ ((∪m≥n+1(−Pm)) + V) ∪ (Pn+1 + (V \ {tn})).
So tn+p belongs to ((∪0≤m≤n(Pm∪(−Pm)))+V)∪((Pn+1\{p})+{tn}). Since p ∈ In+1,
it follows that tn + p lies in (Pn+1 \ {p}) + {tn}, which yields p ∈ Pn+1 \ {p}. This
contradicts the hypothesis that P is not a minimal complement of V. 
Proof of Theorem 2.1(5). Define the subsets Qn of Z
d for n ≥ 0 as follows.
Qn =
{
{−t0} if n = 0,
{−tn−1}+ (In−1 \ ((∪0≤m≤n−1(Qm ∪ (−Qm))) + V)) if n ≥ 1.
Define the subset Q of Zd by
Q := ∪n≥0(Qn ∪ (−Qn)).
For n ≥ 0, the inclusions
Q+ V ⊇ (Qn+1 + tn) ∪ ((∪0≤m≤n(Qm ∪ (−Qm))) + V)
⊇ (In \ ((∪0≤m≤n(Qm ∪ (−Qm))) + V)) ∪ ((∪0≤m≤n(Qm ∪ (−Qm))) + V)
⊇ In
hold and hence −In ⊆ (−Q) + (−V) = Q+ V. Moreover, the inclusions
Q+ V ⊇ Q0 + V ⊇ {0}
hold. It follows that V is an additive complement to Q.
We claim that V is a minimal complement of Q. Since tn > 3tn−1 for n ≥ 1, from
Proposition 3.2, it follows that for n ≥ 0, no point of Q × V other than (−2tn, tn)
goes to −tn under the addition map Q× V → Z
d, and hence no point of Q× V other
than (2tn,−tn) goes to tn under the addition map Q× V → Z
d. Thus V is a minimal
complement of Q.
We claim that Q is a minimal complement to V. On the contrary, let us assume
that Q is not a minimal complement to V. Hence Q \ {q} is an additive complement
to V for some q ∈ Q. Since Q is symmetric, we may assume that q ∈ Qn+1 for some
n ≥ −1. Since no point of Q×V other than (−t0,−t0) goes to −2t0 under the addition
map Q × V → Zd, it follows that q 6= −t0, i.e., q /∈ Q0. So q lies in Qn+1 for some
n ≥ 0. Thus tn+ q lies in In. It follows from Proposition 3.2 that no element of In lies
in
((∪m≥n+2Qm) + V) ∪ ((∪m≥n+1(−Qm)) + V) ∪ (Qn+1 + (V \ {tn})).
So tn + q belongs to ((∪0≤m≤n(Qm ∪ (−Qm))) + V) ∪ ((Qn+1 \ {q}) + {tn}). Since
q ∈ In+1, it follows that tn+ q lies in (Qn+1 \ {q}) + {tn}, which yields q ∈ Qn+1 \ {q}.
This contradicts the hypothesis that Q is not a minimal complement of V. 
Proof of Theorem 2.1(6). Let G be as in the proof of Theorem 2.1(3). Since G+ T =
Zd, it follows that V is an additive complement to G.
We claim that V is a minimal complement of G\{−tn−3tn−1 |n ≥ 1}. For n ≥ 1, no
element of G×W other than (−2tn−1,−tn−1), (−tn − 3tn−1, tn) goes to −3tn−1 under
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the addition map G×W → Zd, and no element of G×W other than (−tn− 4tn−1, tn)
goes to −4tn−1 under the addition map G×W → Z
d. Moreover, no element of G×W
other than (−2t0, t0), (−t0, 0) goes to −t0 under the addition map G × W → Z
d. It
follows that V is a minimal complement to G \ {−tn − 3tn−1 |n ≥ 1}.
Each element of Zd can be expressed as a sum of an element of G and an element ofW
only in finitely many ways. In particular, each element of Zd can be expressed as a sum
of an element ofG\{−tn−3tn−1 |n ≥ 1} and an element of V only in finitely many ways.
By Lemma 3.3, it follows that some nonempty subset R of G\{−tn−3tn−1 |n ≥ 1} is a
minimal complement to V. Since V is a minimal complement to G \ {−tn− 3tn−1 |n ≥
1}, it follows that V is a minimal complement to R. Hence (R,V) is a co-minimal
pair. 
Proof of Theorem 2.1(7). Let G be the set as in the proof of Theorem 2.1(3). Note
that T is an additive complement of G. Let n ≥ 0 be an integer. Proposition 3.2
implies that
−tn /∈ (∪m≥n+2Gm + T ) ∪ (Gn+1 + (T \ {tn})).
Note that the inclusions
Gm + T ⊆ Z
d
≥−tm
+ Zd≥t0
⊆ Zd≥−tm+t0
⊆ Zd≥−tn+t0
hold for any m ≤ n. So
−tn /∈ (∪m6=n,n+1Gm + T ) ∪ (Gn+1 + (T \ {tn})).
Hence T is a minimal complement of G.
Since each element of Zd can be expressed as a sum of an element of G and an
element of V only in finitely many ways, it follows that each element of Zd can be
expressed as a sum of an element of G and an element of T only in finitely many ways.
By Lemma 3.3, some nonempty subset S of G is a minimal complement to T . Since
T is a minimal complement to G, it follows that (S, T ) is a co-minimal pair. 
Proof of Theorem 2.2. Let G be a finitely generated abelian group. Then G is isomor-
phic to the direct product of a finite group Gtors and a free abelian group Z
d. Given
any infinite subset X of G, it contains an infinite subset Y such that the projections
of all the elements of Y to Gtors are equal. It suffices to show that any infinite subset
of Zd has uncountably many subsets which admit minimal complements. Let X be an
infinite subset of Zd. Let S be the subset consisting of the integers 1 ≤ i ≤ d such that
the absolute values of the i-th coordinate of the elements of X form an unbounded
set. Note that S is nonempty. Thus X has an infinite subset Y such that the i-th
coordinate of all the elements of Y are equal for any i ∈ {1, 2, · · · , d}\S, and the abso-
lute values of the i-th coordinate of the elements of Y form an unbounded set for any
i ∈ S. Replacing X by one of its translate, we may assume that the i-th coordinates
of the elements of Y are equal to 0 for any i ∈ {1, 2, · · · , d}\S. Replacing X by one of
its image under an automorphism of Zd, we may assume that Y has a subset Z such
INFINITE CO-MINIMAL PAIRS INVOLVING LACUNARY SEQUENCES 15
that the i-th coordinates of the elements of Z form an infinite subset of Z≥1 for any
i ∈ {1, 2, · · · , d} \ S.
Let d′ denote the cardinality of S. It suffices to show that if A an infinite subset
of Zd
′
such that for any 1 ≤ i ≤ d′, the i-th coordinates of the points of A form an
infinite subset of Z≥1, then A has uncountably many subsets which admit minimal
complements. Note that there is a sequence {xn}n≥0 contained in A such that xn ≥
6xn−1 for all n ≥ 1. For any subsequence {xnk} of this sequence, the inequality
xnk ≥ 6xnk−1 holds for any k ≥ 1 and moreover, xn0 > 0 holds and all the coordinates
of any term of this subsequence are positive. By Theorem 2.1, the subset {xnk | k ≥ 0}
of A admits a minimal complement in Zd
′
. Since the finite subsets of N are precisely
the bounded subsets of N, it follows that the number of finite subsets of N is countable.
Thus the number of infinite subsets of N is uncountable. So {xn}n≥0 has uncountably
many subsequences. It follows that A has uncountably many subsets which admit
minimal complements. 
Proof of Theorem 2.3. Since the finite subsets of N are precisely the bounded subsets
of N, it follows that the number of finite subsets of N is countable. Thus the num-
ber of infinite subsets of N is uncountable. So any sequence has uncountably many
subsequences. Note that if {xn}n≥0 is a sequence in Z
d such that x0 = (1, · · · , 1) and
xn ≥ 6xn−1 for all n ≥ 1,
then any subsequence of {xn}n≥0 satisfies the hypothesis of each of the seven parts of
Theorem 2.1. Thus Theorem 2.3 follows from the existence of a sequence {xn}n≥0 in
Zd such that x0 = (1, · · · , 1) and
xn ≥ 6xn−1 for all n ≥ 1,
which exists, for instance, consider the sequence xn = (6
n, · · · , 6n). 
As an application of Theorem 2.1, we provide several examples of subsets of Z each
of which is a part of a co-minimal pair.
Corollary 3.4. For each of the following subsets S1, S2, there exists subsets S
′
1, S
′
2 such
that (S1, S
′
1) and (S2, S
′
2) form co-minimal pairs.
(1) S1 := {n
k | k ≥ 0} for any n ≥ 3.
(2) S2 := {2
k + k | k ≥ 0}.
Proof. The growth condition of the elements of the subsets (considered as sequences)
in this corollary clearly satisfies the condition of Theorem 2.1. 
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